We obtain the exact analytic form of the growth index at present epoch (a = 1) in a flat universe with the cosmological constant (i.e. the dark energy with its equation of state ω de = −1). For the cosmological constant, we obtain the exact value of the current growth index parameter γ = 0.5547, which is very close to the well known value 6/11. We also obtain the exact analytic solution of the growth factor for ω de = −1/3 or −1. We investigate the growth index and its parameter at any epoch with this exact solution. In addition to this, we are able to find the exact Ω 0 m dependence of those observable quantities. The growth index is quite sensitive to Ω 0 m at z = 0.15, where we are able to use 2dF observation. If we adopt 2dF value of growth index, then we obtain the constrain 0.11 ≤ Ω 0 m ≤ 0.37 for the cosmological constant model. Especially, the growth index is quite sensitive to Ω 0 m around z ≤ 1. We might be able to obtain interesting observations around this epoch. Thus, the analytic solution for this growth factor provides the very useful tools for future observations to constrain the exact values of observational quantities at any epoch related to growth factor for
0 m dependence of those observable quantities. The growth index is quite sensitive to Ω 0 m at z = 0.15, where we are able to use 2dF observation. If we adopt 2dF value of growth index, then we obtain the constrain 0.11 ≤ Ω 0 m ≤ 0.37 for the cosmological constant model. Especially, the growth index is quite sensitive to Ω 0 m around z ≤ 1. We might be able to obtain interesting observations around this epoch. Thus, the analytic solution for this growth factor provides the very useful tools for future observations to constrain the exact values of observational quantities at any epoch related to growth factor for ω de = −1 or −1/3.
The background evolution equations in a flat Friedmann-RobertsonWalker universe (ρ m + ρ de = ρ cr ) are ȧ a 
where ω de is the equation of state (eos) of dark energy, ρ m and ρ de are the energy densities of the matter and the dark energy, respectively. We consider the constant ω de only. The dark energy does not participate directly in cluster formation, but it alters the cosmic evolution of the background. The linear density perturbation of the matter (δ = δρ m /ρ m ) for sub-horizon scales is governed by [1] δ
The textbook solution for the growing mode solution of Eq. (3) for
where
m are the present energy density contrast of the matter and the dark energy, respectively. The growth index f is defined as
Thus, f is expressed from Eq. (4) as
We obtain the exact analytic form of the growth index for ω de = −1 or −1/3 at the present epoch (a = 1, X(a = 1) = 1) as
where Γ is the gamma function and F is the hypergeometric function. We emphasize that this formula is correct only for ω de = −1/3 or −1. For Ω 0 m = 1 one get f = 1 for all a, which is consistent with δ ∝ a. For
, f is matched with a non-flat without the cosmological constant
as shown in Ref. [5] . For the cosmological constant, the above formula becomes 
]/Γ[
In Fig In addition to the present value of the growth index f (a = 1), we are able to obtain the growth index in any epoch from the exact analytic solution of the growth factor (10). For ω de = −1, we find that Even though it looks complicated, one is able to obtain f L (a) by using the solution δ L g without any difficulty. We are able to find the growth index
ln Ωm(a) in any epoch from this exact analytic form of f L (a). We also investigate the Ω 0 m dependence of them without any ambiguity. Thus, this analytic solution is very useful for the investigation of observational quantities. We show these properties in Fig. 3 .
In Fig. 3a , we show the growth index f L (a) for different values of Ω 0 m . The dotted, solid and dashed lines correspond to the evolution of f L (a) for Ω 0 m = 0.4, 0.3 and 0.2, respectively. As we have more matter at present, we have faster growing. Thus, we have bigger values of f L when we have bigger values of Ω 0 m as shown in Fig. 3a . The Ω 0 m dependence is quite sensitive around a ≃ 0.87 (i.e. z ≃ 0.15). Thus, the observed value of f (a = 0.87) = 0.51± 0.15 from the 2dF galaxy redshift survey will be a good guideline to measure Ω 0 m if the dark energy is the cosmological constant [6] . However, the present value of the growth index parameter is insensitive to Ω 0 m as we also obtain in the previous formula. The growth index parameter is sensitive to Ω 0 m around a ≥ 0.8 (i.e. z ≤ 0.25) as shown in Fig. 3b . Again, the dashed, solid and dotted lines correspond to the cosmological evolution of γ L (a) for Ω 0 m = 0.2, 0.3 and 0.4, respectively. Especially, the growth index We summarize the results in Table 1 . As it is well known that the growth index parameter γ L is insensitive to Ω 0 m and a up to a > 0.3 [7] . However, γ L (a) shows the strong model dependence around a ≤ 0.3 (i.e. z ≥ 2.3). If we naively adopt the 2dF value of f without considering the data error from selection effects, then we obtain the constrain 0.11 ≤ Ω 0 m ≤ 0.37 for the cosmological constant model.
In linear theory, the peculiar velocity v pec is related to the peculiar acceleration g and/or interior average over-density δ R in a spherical perturbation of radius R, [8] 
A Appendix
From Eq. (6), we need to solve the integration to find the analytic form of f at the present epoch [10] ,
where we use a −3ω de = η and r = −Ω 0 de /Ω 0 m = 1 − (Ω 0 m ) −1 . Note that Eq. (13)is valid for any value of ω de . We can also check the result of a non-flat universe without the cosmological constant in Ref. [5] . In this case we have k/H 2 0 ≡ Ω K = 1−Ω 0 m . Then we obtain the expression for X = Ω 0 m a −1 +Ω K . Mathematically, this is the same as the dark energy case with the equation of state of the dark energy ω de = −1/3. Then the above integral (13) becomes
It is better for us to rewrite the linear density perturbation equation (3) with changing the variable from t to a to get [4] 
When we replace the growing mode solution (4) into Eq. (3), we geẗ
Note that we have changed the notation from δ g to δ ex g to reflect the fact that δ ex g is the solution of Eq. (16) for any value of ω de . In particular, when ω de = −1 or −1/3, the extended solution δ ex g is reduced to δ g . After replacing new parameters
, where c 1,2 are integral constants, because it is the most general combination of the solution for the above equation (17). We obtain the constraints for i and j from δ 1 ,
We also replace δ 2 into the above equation (17) to get
There are two alternative ways to make the above equation as the hypergeometric differential equation, Y = −X or 1 + Y = X [9] . We choose the first case which shows the proper behavior. Now the above equation ( 
with the solution B(X) = F [1, 1+ , X] being the hypergeometric function [9] . Thus, the full extended solution becomes 
The solution (21) is a mathematical one. We need to further specify this solution in order to make it as a physical solution. If we use the fact that growth factor δ ∝ a in the matter dominated epoch, then we can determine c 1 and c 2 to make the solution as the growing mode solution. We are also able to find the decaying mode solution if we use the decaying mode initial conditions into this solution (21).
